High-charge electron beams produced by laser-wakefield accelerators are potentially novel, scalable sources of high-power terahertz radiation suitable for applications requiring high-intensity fields. When an intense laser pulse propagates in underdense plasma, it can generate femtosecond duration, self-injected picocoulomb electron bunches that accelerate on-axis to energies from 10s of MeV to several GeV, depending on laser intensity and plasma density. The process leading to the formation of the accelerating structure also generates non-injected, sub-picosecond duration, 1-2MeV nanocoulomb electron beams emitted obliquely into a hollow cone around the laser propagation axis. These wide-angle beams are stable and depend weakly on laser and plasma parameters. Here we perform simulations to characterise the coherent transition radiation emitted by these beams if passed through a thin metal foil, or directly at the plasma-vacuum interface, showing that coherent terahertz radiation with 10sμJ to mJ-level energy can be produced with an optical to terahertz conversion efficiency up to 10 .
Introduction
Terahertz (THz) radiation, which lies between mid-infrared and microwaves, is of great interest to researchers and industrialists because of the wide range of applications [1] [2] [3] [4] [5] [6] [7] . Several different mechanisms for generating electromagnetic fields within this so-called 'THz gap', between 0.1 and 10 THz, have been explored. Among these, acceleration of photocarriers in semiconductor antennas [8] and optical rectification in electro-optic crystals [9] are currently the most widely used. However, the relatively low damage threshold of optical materials restricts the maximum energies possible. Plasma, in contrast, has no such limitation as it is already broken down. Because of the high currents that it can sustain, it offers the potential of generating very intense THz radiation, which could be useful for applications investigating nonlinear processes [10, 11] .
Laser-plasma interactions involve a rich range of physical processes that occur during and immediately after interaction, which include several mechanisms for the generation of THz radiation. For example, in recent years, moderate intensity lasers have been used to generate air-plasma filaments [12] [13] [14] , in particular with twocolour laser fields [15] [16] [17] [18] [19] [20] . This produces emission of conical THz radiation with conversion efficiencies as high as 10 −3 , although saturation tends to occur at high laser intensities [18] . Laser-solid interactions at high intensities can produce THz radiation through several mechanisms, which typically involve the excitation of surface currents on solid targets [21] [22] [23] [24] [25] , embedded plasma dipoles [26] and also coherent transition radiation (CTR) at boundaries and interfaces [27] [28] [29] . These methods can lead to high energies (in the sub-millijoule range) and high peak electric fields (1-100sMV cm −1 ), which can be scaled with the laser intensity [24, 25] . However, a fresh target surface is required for each shot, multiple beams are sometimes necessary, and stability and debris are also challenging. In contrast, THz generation schemes based on laser-gas interactions employ gas nozzles where fresh plasma is produced on each shot. Another common scheme for generating THz radiation is Any further distribution of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
the emission of CTR from electron beams crossing an interface between two media of different dielectric constant [30] . Leemans et al [31] reported the observation of THz radiation with energies of 3-5μJsr −1 when forward electron beams with 5MeV energy, with a Maxwellian velocity-distribution and nC-level charge from a laser-wakefield accelerator (LWFA) cross the plasma-vacuum boundary. CTR with spectra extending from microwaves to the near infrared is also produced when high-energy electron beams from both conventional and LWFAs pass through a metallic foil [32] [33] [34] [35] . This paper investigates the production of THz radiation from very high-charge, wide-angle electron beams from a LWFA that are not injected into the wake [36, 37] . We show that these obliquely emitted beams, with nC-level charge and 1-2 MeV energy, can produce 10sμJ to mJ-level THz radiation when passed through a foil or at the plasma-vacuum boundary of the accelerator. Figure 1 shows a schematic diagram of a THz radiation source based on wide-angle electron beams from a LWFA. An infrared laser pulse is focused to relativistic intensities (I>10 18 Wcm
Theoretical model
) onto a gas target and emits a high-charge, low-energy electron beam in a wide forward cone around the laser propagation axis. High-energy electron bunches with typically 1%-10% energy spread can also be accelerated along the laser axis. The LWFA is modelled in three-dimensional geometry using the particle-in-cell (PIC) code Object-oriented Simulation Rapid Implementation System (OSIRIS) [38] and details of these simulations are presented in [36] . A selection of the phase-space distribution of wide-angle electrons obtained with OSIRIS is loaded into a code based on the vector model described in [39] , which calculates transition radiation (TR) from a perfectly conducting screen of arbitrary shape and orientation for arbitrary electron energies and particle numbers. This screen can represent an inserted foil or the plasma-vacuum boundary. We now briefly review the physics of LWFAs and describe the model used to calculate TR. Simulation results are presented in the next section.
Laser-wakefield acceleration
The emission of wide-angle electron beams from a LWFA is driven by the same mechanism responsible for the generation of high-energy forward electron beams. The ponderomotive force of an intense laser pulse propagating in an underdense plasma expels electrons away from the high intensity region, forming an ion-filled 'bubble' trailing behind the pulse [40, 41] . Some background electrons can become trapped inside the bubble, where they are exposed to electric fields in excess of 100 GV m −1 and accelerate to high energies over short distances. Energies up to 4.2 GeV have been achieved over centimetre-scale lengths [42] . Most electrons, however, are not injected into the bubble, but stream around the bubble walls as a sheath, where they can experience accelerating fields of about 10-100 GV m −1 in both longitudinal and transverse direction. The acceleration length is typically 5-10μm in the transverse direction, limited by the bubble size, and 10-20μmin the laser propagation direction, since electrons can travel some distance with the bubble before being ejected. Some of these sheath electrons gain an energy of 1-2MeV through a sling-shot action and exit the plasma at an angle of 30°-60°with respect to the laser propagation direction, depending on the specific energy gain. Often, electrons travelling near the bubble interior gain a higher momentum, especially in the longitudinal direction, and are expelled closer to the laser axis, whereas electrons travelling further away from the bubble interior gain lower energy and are ejected at a larger angle. These wide-angle electrons form a cone containing up to 10s-nC total charge in a bunch with duration of the order of 1ps, based on PIC simulations. Experiments and simulations show that wide-angle beams are emitted with high stability and little variation in energy and ejection angle for a wide range of laser and plasma parameters [36, 37] .
Transition radiation
When the field of a charged particle encounters an obstacle, such as a foil or dielectric plate, surface currents and charge densities are excited, causing the emission of transition or diffraction radiation. Several methods and approximations have been employed to calculate the energy distribution of TR for different geometries [43] [44] [45] [46] . Here we follow the approach described in [39] , where electromagnetic equivalence theorems are used to calculate TR from a perfectly conductive foil as the emission of a virtual magnetic surface current c j nE s e 0  =-´, where n s is the normal vector to the foil, E e is the electronʼs field, ò 0 the vacuum permittivity and c the speed of light.
For the geometry illustrated schematically in figure 2 , the vector potential describing TR is =-|| is the distance from the surface element r s to the observation position R and k=ω/c, with ω the radiation angular frequency and c the speed of light. In cylindrical coordinates (ρ, f, z), the Fourier components of the electric field of an electron with charge q=−e moving along z with velocity βc are the Lorentz factor, K n the nth modified Bessel function of the second kind, k e =k/β and ò 0 the vacuum permittivity. The field components in Cartesian coordinates are
ie , and 
The electric and magnetic fields are
here the second equation is exact, whereas the first equation is valid at a distance from the source sufficiently large to allow for the radiationʼs wavefront to be almost spherical (quasi-spherical approximation). This condition is less restrictive than the far-field approximation, which requires an observation distance R?γ 2 λ, with λ the radiation wavelength [39] . Often the calculation of CTR emitted by ultra-relativistic particles is further simplified by neglecting the longitudinal component E e z of the electronʼs field (scalar approximation) and the foil orientation. However, for the low energies and large incidence angles encountered here, these approximations are not valid and the more accurate vector model is used. The energy radiated per unit frequency interval and per unit area is derived from the Poynting vector, obtaining [44] 
Transition radiation is calculated numerically for each electron in a coordinate system that is translated and rotated to align the direction of motion with the z-axis. The electric field produced by each electron at the observation point is summed to obtain the full beam emission and the corresponding energy density. A spacefrequency grid is employed to calculate the energy density at different positions and frequencies, and numerical integrations are performed to obtain the radiation spectrum and total energy. Most results presented here are obtained using 20 000 electrons and rescaled to higher beam charges using the quadratic dependence reported in section 3. The foil-detector distance is 500 mm, comparable to the likely scale of experiments. Often, large source-detector distances are required for long wavelength radiation to become fully formed. However, for the low electron energies considered here, the formation length is of the order of millimetres, as discussed below.
Single-particle TR
In order to facilitate the interpretation of the simulation results presented in the next section for wide-angle electron beams, we describe here the angular properties of TR emitted by a single electron, using the vector model introduced previously. Figure 3 shows horizontal scans of the energy density of TR generated by an electron with different energies moving in the 0°direction and passing through the centre of a 3mm×3mm foil oriented at different angles. Plots on the right column correspond to an electron energy of 10MeV and reproduce the characteristic TR pattern, with forward emission in a narrow hollow cone peaked at an angle 1/γ with respect to the electron path direction, and backward radiation produced in the specular direction. When the electron crosses the foil at normal incidence (top row) the four radiation lobes are symmetric, whereas for oblique incidence the lobes closer to the surface are more intense. This asymmetry is due to the longitudinal component of the electronʼs field [47] , and is stronger at low energies and large incidence angles, almost vanishing for energies beyond approximately 50MeV. For 10°orientation (bottom row), most radiation is emitted in direction almost parallel to the foil surface and some of the lobes are not clearly distinguishable. TR produced by a beam with non-zero energy spread and divergence can be considered as the convolution of the signal emitted by a single electron with the distribution function representing the bunch shape. Typically this results in the broadening of the forward and backward cones, which can become partially filled also for highly relativistic beams. In the case of wide-angle electron beams, the bunch shape is complex and evolves quickly, therefore numerical simulation are required.
Simulation results
We now present simulation results of CTR produced by wide-angle electron beams as they cross a conducting surface with varying size, position and orientation, modelling the emission of CTR at both the plasma-vacuum boundary and from inserted foils. We show that 10sμJ to mJ-level coherent radiation is produced in the spectral region between 0.1 and 5 THz, peaked at a frequency that depends on the size and location of the foil.
The properties of oblique electron beams have been studied for a wide range of laser and plasma parameters, finding little variation in the angular distribution and energy spectrum, whereas the charge scales linearly with laser intensity and plasma density. Therefore, the angular distribution and spectrum of CTR also change little. As a representative example, we show results obtained for parameters similar to the experiments on the characterisation of wide-angle electron beams reported in [36] . A horizontally polarized laser with 0.8μm wavelength, normalized vector potential a 0 =3, spot radius w 0 =7 μm and 20fs pulse duration interacts with a pre-ionized plasma with density 2×10 19 cm −3 and 500μm length. A wide-angle electron beam is emitted in a cone with 38°±13°aperture angle from the laser axis. The energy distribution is exponential, with a mean of 1.8MeV (Lorentz factor γ=4.5), and the total charge in the full cone is 10nC. Electrons in the left section of the cone (x acc >0) with energy greater than 0.5MeV are ballistically propagated to a rectangular surface perpendicular to the z acc -x acc plane, placed at varying offsets and angles from the laser axis (see insert in figure 1 ). For the chosen surface position, the electron beam passes close to the centre. Similar results are expected for the other sections of the cone, although the charge density can be smaller in the vertical axis, perpendicular to the laser polarization direction. Scattering in the foil has been simulated using Geant4 [48] and its effect is found to be small, since the electron beam divergence is already large. The energy loss is also small for foils with thickness of a few hundredsμm or less. These effects are neglected in the results presented here.
The scaling of TR power with electron beam charge has been verified by performing a simulation using a varying number of particles. As shown in figure 4 , the radiation energy scales as the square of the number of electrons, indicating a high degree of coherence. Results presented here use a portion of the electron beam cone and assume a charge of 1nC, matching the experimental results of [36] and the predictions of PIC simulations for similar laser parameters. The radiation yield for different beam charges can be estimated using this quadratic dependence, at least for comparable electron energy and spatial distributions. Figure 5 shows a horizontal scan of the energy density of CTR generated by wide-angle electrons passing through a1mm×0.5mm foil offset by 100μm from the laser axis for different orientations. As shown in section 2.3, highly relativistic electron bunches emit CTR in a narrow hollow cone peaked at an angle 1/γ with respect to the electron path direction. Backward radiation is also produced in the specular direction in a hollow cone with orientation that depends on the particle incidence angle on the foil. Because of the low energy and large divergence of wide-angle electron beams, the results obtained here are characterized by a broad and asymmetric angular distribution. For a foil parallel to the laser axis ( figure 5(a) ), the electron mean incidence angle is about 55°from normal (35°from the beam axis), similar to the third row in figure 3 , where the incidence angle is 30°f rom the beam axis. CTR is emitted mostly in the direction parallel to the foil, peaked at an angle of about 10°.As the foil is rotated, the angular distribution becomes more symmetric and the forward and backward lobes become gradually distinguishable.
Effect of foil orientation
The spatial, spectral and temporal profile of one of these lobes is shown in figure 6 for the case of 60°o rientation ( figure 5(c) ) and observation plane centred at 0°, perpendicular to the z-x plane (see insert in figure 1 ). The FWHM divergence is 39°in the horizontal direction and 44°in the vertical direction, with spectrum peaked at 0.6THz and total energy of 45μJ, assuming a 1nC electron beam charge. The energy of the driving laser is about 300mJ and the optical to terahertz efficiency is about 1.5×10 . Transition radiation is emitted over a large angle due to the low electron beam energy and this large divergence may not be ideal for some applications. However, it is possible to re-collimate or focus the CTR beam close to the source, for example using an off-axis parabola with a hole, because for such low electron energies the formation length is short. For forward emission at wavelength λ and angle θ,itisz 21 c o s
, with β the electron velocity over the speed of light. The electron beam path should be unobstructed for distances longer than the formation length in order to prevent attenuation of the emitted radiation [49, 50] . For 2MeV energy, θ=1/γ and 0.5THz frequency, z f ≈2 mm. In contrast, z f ≈8 m for a 150MeV electron beam, which makes it difficult to perform experiments with a fully formed beam in a compact space. A PIC simulation performed for higher laser energy (a 0 =8), while keeping the same plasma parameters and laser spot size, predicts an increase of the electron beam charge by a factor of 6 and a mean energy of 2.5MeV. The CTR radiation obtained using this new phase-space distribution for the same geometry of figure 6 is still peaked at 0.6THz and has the same divergence, with an energy of 1.5mJ for a 6nC electron beam charge, indicating that most of the electrons radiate coherently. In this case the energy of the driving laser is about 2.3J, and the optical to terahertz efficiency is about 5×10 −4 , which could be increased to 10 −3 by using a larger fraction of the wide-angle electron beam. The energy contained in the electron beam is 15 mJ for 6 nC charge and the conversion efficiency from electrons to CTR is about 0.1.
Effect of foil size
The PIC simulations performed here use a uniform pre-ionised plasma with radius of approximately 20μm, reproducing conditions typically found in LWFAs based on gas jets, where the driving laser pulse creates a long plasma channel with transverse radius typically between 10 and 30μm, depending on laser and target parameters. We now present results of CTR produced on a surface parallel to the laser propagation axis, with 22μm transverse offset, which is indicative of the emission expected at the plasma-vacuum boundary. Simulations performed for 30μm offset produce almost identical results, suggesting that small variations in the transverse size of the plasma do no cause significant changes. On the other hand, the CTR spectrum and yield of simulations performed with an offset of several 100sμm is significantly different, because of the rapid evolution of the electron beam, as discussed below.
The dependence of the CTR spectrum on the radiator size is shown in figure 7 for a rectangular foil parallel to the laser axis, with a 22μm offset, 1mm width and varying height. The radiation is spatially integrated over a 500mm×500mm detection area and the electron beam charge is fixed at 1nC. As the foil height decreases, the CTR signal becomes weaker and the peak shifts towards higher frequencies, because the low-frequency side of the spectrum is suppressed when the radiator is smaller than the effective CTR source size γλ, which is 1mm for ν=1 THz and γ≈3.5 [51] . In a LWFA, the plasma is long and narrow, therefore the spatial distribution of wide-angle electron beams is elongated along the laser propagation direction. The foil height can be changed without losing a large amount of charge, enabling a way to tune the spectrum. In particular, the curve for 20μm is also representative of the CTR emission expected from wide-angle electron beams as they cross the vacuumplasma boundary, which presents a sharp transition, comparable to the boundary between vacuum and a perfect conductor [52] . The angular distribution of CTR generated under these conditions is similar to the results of figure 5 (a), with emission mostly parallel to the laser axis. This radiation can be collected and focused using an off-axis parabola with a hole in the centre to let the laser beam and the high-energy forward electron bunches through. figure 5(c) . The four plots in figure (a) correspond to the frequency-integrated energy density contained in the three components of the electric field E x , E y , E z and to the total energy density.
Effect of foil position
A fundamental difference between high-energy forward electron beams from a LWFA and wide-angle beams is the bunch length. The longitudinal diameter of the bubble structure driving LWFAs is about 10-30 μm, depending on laser and plasma parameters [41] . Electrons injected into the bubble typically occupy a small fraction of this size and the electron bunch duration is about 1-10fs [34, 35] . CTR produced by such short bunches has a broad spectrum, extending from THz frequencies or longer to the near infrared. Wide-angle electron beams, on the other hand, are continuously ejected over at least 100sμm propagation distances behind the driving laser and the bunch duration has ps-scale, based on PIC simulations. As they leave the plasma, both the bunch length and beam size increase further, causing the suppression of the high-frequency side of the spectrum.
In general, the total power P of TR is the sum of the contribution P 0 from each electron, according to the
where N e is the number of electrons and f is the bunch form factor, which is a function of the electron spatial distribution, radiation frequency ν and foil orientation α. If the transverse beam size is smaller than the longitudinal length σ L , then f≈1 for λ ? σ L and emission at these wavelengths is coherent, with the power growing quadratically with the number of particles. For example, a 1ps (σ L ≈300 μm) bunch length corresponds to coherent emission at frequencies lower than about 1THz. If the transverse beam size is large, radiation emitted by electrons at different positions on the foil is no longer in phase, resulting in further suppression of the high frequencies. The phase-space distributions produced by PIC simulations show that in the case of wide-angle electron beams, the bunch duration, defined as the FWHM in direction of the foil normal, typically grows from about 300-500fs at the accelerator exit to 1-2ps at a distance of 1mm from the laser axis, depending on foil size and orientation. The transverse beam size, defined as the FWHM in the horizontal and vertical directions on the foil plane, grows from about 0.2mm×0.05mm to 1mm×0.5mm over the same distance. This results in a shift of the high-frequency cut-off to about 0.5THz. Wide-angle electron beams, however, have a complex three-dimensional distribution that cannot be separated into longitudinal and transverse components, making the definition of bunch length and transverse beam size somewhat arbitrary. An accurate prediction of the properties of CTR requires simulations where the fields generated by many electrons are summed numerically, as performed here. Examples are given in figure 8 for CTR emitted from a 3mm×3mm foil with parallel orientation to the laser axis, showing that the spectrum shifts towards lower frequencies as the electron beam leaves the plasma. Here a larger foil size is used to avoid the suppression of the low-frequencies described above, as well as to intercept a larger fraction of the electron beam. Results depend weakly on the foil orientation. For example, an angle of 60°results in a shift by about 0.15THz towards higher frequencies in the case of 1000μm offset.
Conclusions
We have shown, using numerical simulations, that wide-angle electron beams produced by LWFAs can deliver 10sμJ to mJ-level, single-cycle radiation in the 0.1-5 THz spectral region, depending on the radiator size and location. At the vacuum-plasma boundary, the spectrum of CTR is peaked at about 2-3 THz, with the low frequency part suppressed because of the small transverse size of the radiator, which is typically about Figure 7 . Spectrum of CTR produced by a 1mm wide foil with varying height at an offset of 22μm from the laser axis and parallel orientation. 20-30μm . As the electron beam leaves the plasma, the longitudinal and transverse size increase quickly and a foil inserted at a distance of about 0.1-1 mm from the accelerator exit would produce CTR with spectrum shifted to approximately 0.1-1 THz.
Experimental and theoretical studies of wide-angle electrons indicate that THz radiation should be emitted with high reproducibility on every laser shot. Radiation from the plasma-vacuum boundary could be collected using an off-axis parabola with a hole, to let the laser and high-energy electron beam through. Radiation from an inserted screen could be produced by using a foil with a hole, utilising the full wide-angle beam. Alternatively, a foil or metallic tape could be placed off-axis. If required, a LWFA can be tuned to produce only wide-angle beams, with no emission of high-energy femtosecond forward electron bunches. We observed experimentally that this can be achieved, for example, by decreasing the laser energy or by focusing the laser pulse at different positions in the gas target, along the longitudinal axis.
It was also found that the charge of wide-angle electron beams increases linearly with laser intensity and plasma density [36, 37] . Therefore, the energy of THz radiation can also scale to mJ-levels, which would make an intense source of THz radiation with peak powers in excess of GW peak powers, comparable with a far-infrared free-electron laser (FEL) [53] . For current 10Hz, 10sTW lasers, an average power of 10-100mW is expected over the far-infrared spectral range. Future 1kHz lasers would extend the average power to 1W, which is comparable with a far-infrared FEL. This source of THz radiation based on underdense plasma has advantages over comparable THz sources based on laser-solid interactions. Further research is required to experimentally characterize these pulses and fully explore the potential of LWFAs for the production of intense THz radiation.
